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Abstract 

We give a condition for the periodic, three dimensional, incompressible Navier-Stokes 
equations to be globally wellposed. This condition is not a smallness condition on the 
initial data, as the data is allowed to be arbitrarily large in the scale invariant space , 
which contains all the known spaces in which there is a global solution for small data. The 
smallness condition is rather a nonlinear type condition on the initial data; an explicit 
example of such initial data is constructed, which is arbitrarily large and yet gives rise to 
a global, smooth solution. 

Keywords Navier-Stokes equations, global wellposedness. 

1 Introduction 

The purpose of this text is to establish a condition of global wellposedness for regular ini- 
tial data for the incompressible Navier-Stokes system on the three dimensional torus = 
(R /2'iT Z)^. Let us recall the system: 



(NS) < 



dtu — Au + u ■ Vu = —Vp 
div u = 

Ut=0 = Uq. 



Here u is a mean free three-component vector field u = = {u^,u^) representing 

the velocity of the fluid, and p is a scalar denoting the pressure, both are unknown functions 
of the space variable x G T^, and the time variable t G R"^. We have chosen the kinematic 
viscosity of the fluid to be equal to one for simplicity. We recall that the pressure can be 
eliminated by projecting (NS) onto the space of divergence free vector fields, using the Leray 
projector 

P = Id - VA^Miv. 



I 



Thus we shah be using in the fohowing the equivalent system 

dtu - Au + P(n • Vn) = 0. 

Our motivation is the study of the size of the initial data yielding global existence of solutions 
to that system, rather than the minimal regularity one can assume on the initial data. Thus, 
in all this work, we shall assume that uq is a mean free vector field with components in the 
Sobolev space H^{T^): we recall that i^2(T^) is a scale invariant space for {NS), and that 
smooth solutions exist for a short time if the initial data belongs to H^(T^), globally in time 
if the data is small enough. The problem of global wellposedness for general data in i/a (T^) 
is known to be open. The search of smallness conditions on uq the least restrictive as possible 
is a long story, essentially initiated by J. Leray (in the whole space but the phenomenon is 
similar in the torus) in the seminal paper 0, continued in particular by H. Fujita and T. Kato 
in [2], M. Cannone, Y. Meyer et F. Planchon in |2j and H. Koch and D. Tataru in |Sj. The 
theorem proved in [S] claims that if ||^tolb_BA/o is small, which means that the components 
of Uq are derivatives of BMO functions and are small enough, then {NS) is globally wellposed 
in the sense that a global (and of course unique) solution exists in C(R'^; H^). Our aim is 
to prove a theorem of global wellposedness which allows for very large data in dBMO, under 
a nonlinear smallness condition on the initial data. In fact the initial data will even be large 
in -B^^ooi which contains strictly dBMO and which is the largest scale invariant Banach space 
in which one can hope to prove a wellposedness result. Before stating the result, let us recall 
that the question is only meaningful in three or more space dimensions. We recall indeed 
that according to J. Leray jJOj, there is a unique, global solution to the two dimensional 
Navier-Stokes system as soon as the initial data is in L2(t2), and if there is a forcing term 
it should belong for instance to L^(R'^; L^(T^)). 

In order to state our result, we shall need the following notation: one can decompose any 
function / defined on as 

- ~ - 1 Z"^'" 

/ = / + /, where f{xi,X2) = —j /(xi, X2, X3) dxs. 

Similarly we shall define the horizontal mean u of any vector field as u = {v},v^,u^). It will 
also be convenient to use the following alternative notation: we denote by M the projector 
onto vector fields defined on T^, 

M/ = 7 and (Id-M)/ = 7. 

we shall denote the heat semiflow by S(t) = e*'^. Finally let us define negative index Besov 
spaces. 

Definition 1.1 Let s he a positive real number, and let p and q be two real numbers 
in [1, +cxd]. The Besov space B-^{T^) is the space of distributions in T'^ such that 

, < +00. 

Remark we shall see an equivalent definition in terms of Littlewood-Paley theory in Section|21 
(see Definition 12. 2|) . 



def 



t^\S{t)u\\LP 
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Now let us consider the following subspace of i/2(T^), where we have noted, for all vector 
fields a and b, 

Q{a,b) = Pdw{a(g)b + b0a). 



Definition 1.2 Let A and B he two positive real numbers and let p in ]3, +00]. We de&ne 
the set 

Ip{A,B) = |mo G H^T^) j divuo = and (HI), (H2), (H3) are satisfied^ , where 

(HI) ||tio|lL2(T2) + ||MP(nF • V^/f)||^i(i^+.^2(t2)) < A 

(H2) W^Wb-- <^ 

00 ,2 

(H3) \\{\d.-W)V{uF-Vup)^Q(u2D.up)\\ _,+ 3 <B, 

Li(R+;B^^2 n 

wiiere we have noted up(t) = S{t)uo and where U2d is a three component vector field defined 
on T^, satisfying the following two dimensional Navier-Stokes equation, in the case when the 
initial data is vq = uq and the force is f = —MF{uf • Vup): 



{NS2D) 



dtv + Y>{v^ ■ V^v) - Ahv = f 

V\t=0 = Vq, 



where denotes the horizontal Laplacian Afi = + 82 and where = {di,d2)- 
Now let us state the main result of this paper. 

Theorem 1 Let p G ]6, +oo[ be given. There is a constant Co > such that the following 
holds. Consider two positive real numbers A and B satisfying 

-1 



B exp [CqA' {1 + Alog{e + A)y j < Cq\ (1.1) 

Then for any vector field uq G 1p{A, B), there is a unique, global solution u to (NS) associated 
with Uq, satisfying 

Remarks 

1) Condition (frT|) appearing in the statement of Theorem ^ should be understood as a 
nonlinear smallness condition on the initial data: the parameter A, measuring through {HI) 
and {H2) the norm of the initial data in a scale-invariant space, may be as large as wanted, 
as long as the parameter B, which measures a nonlinear quantity in a scale-invariant space, is 
small enough. We give below an example of such initial data, which is a smooth vector field 
with arbitrarily large B^^ norm, and which generates a unique, global solution to (NS): 
see the statement of Theorem |5J 

2) Some results of global existence for large data can be found in the literature. To our 
knowledge they all involve either an initial vector field which is close enough to a two dimen- 
sional vector field (see for instance [£] or [Jj), or initial data such that after a change of 
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coordinates, the equation is transformed into the three dimensional rotating fluid equations 
(for which global existence is known), see 0Q. Here we are in neither of those situations. 

Let us now give an example where condition (jl.lj) holds. As mentioned in the remarks above, 
in that example the initial data can be arbitrarily large in B^^, and nevertheless generates 
a global solution. We have noted by u the Fourier transform of any vector field u. 

Theorem 2 Let Nq be a given positive integer. A positive integer Ni exists such, if N is 
an integer larger than Ni, it satisfies the following properties. If Vq is any two component, 
divergence free vector fields defined on such that 

Supp C [-No,Nof and \\v^\\l2^t^) < (logiV)i 
then a unique, global smooth solution to {NS) exists, associated with the initial data 

uo{x) = (^NvQ^Xh) cos{Nx3), - divhVoixh) siniNxsj^ . 

Moreover the vector field uq satisfies 

H\\b-J^^>^J\vUlW (1-2) 

Remarks 

1) Since the norm of Vq can be chosen arbitarily large, the lower bound given in (|1.2|) 
implies that the norm of the initial data may be chosen arbitrarily large. 

2) One can rewrite this example in terms of the Reynolds number of the fluid: let re G N 

be its Reynolds number, and define the rescaled velocity field v(t,x) = — u( — Then v 

re re 

satisfies the Navier-Stokes equation 

dtv + P{v ■ Vv) - uAv = 
where = 1/re, and Theorem |21 states the following: if ^1^=0 is equal to 

vq,u = (vQ{xh)cos (^^^ , -i/div,,fo(x/i)sin (^)) 

where Vq is supported in [— A'^o, A'^o]^ and satisfies 



then for small enough there is a unique, global, smooth solution. 

The rest of the paper is devoted to the proof of Theorems ^ and |21 The proof of Theorem ^ 
relies on the following idea: if u denotes the solution of (NS) associated with uq, which exists 
at least for a short time since no belongs to //2(T'^), then it can be decomposed as follows, 
with the notation of Definition II. 2t 

n = n^'^^ + R, where u^'^^ = up + U2d- 



4 



Note that the Leray theorem in dimension two mentioned above, namely the existence 
and uniqueness of a smooth solution for an initial data in L^(T^) and a forcing term 
in L^(R^; L^(T^)), holds even if the vector fields have three components rather than two 
(as is the case for the equation satisfied by U2d)- One notices that the vector field R satisfies 
the perturbed Navier-Stokes system 

dtR + P{R- VR) + Q(n(o) ,R)-AR = F 



(PNS) 
where 



R\t=o — Rq, 



i?lt=o = and F = -{Id -M)I'{uf ■ Vup) - Q{uf,U2d)- 

The proof of Theorem^consists in studying both systems, the two dimensional Navier-Stokes 
system and the perturbed three dimensional Navier-Stokes system. In particular a result on 
the two dimensional Navier-Stokes system will be proved in Section IHl which, as far as we 
know is new, and may have its own interest. It is stated below. 

Theorem 3 There is a constant C > such that the following result holds. Let v he the 
solution of {NS2D) with initial data vq G and external force f in L^(R''';L^). Then we 
have 



V 



|2 ^ 17 / 1 I 17 1„„2/'„ I T7>2\\ „„-v-l, 17 IL. I|2 



mR+;Loo)<CEoll + Eolog'{e + E^)\ with = Ibollla + ( / H/WHi^dt 







The key to the proof of Theorem^ is the proof of the global wellposedness of the perturbed 
three dimensional system (PNS). That is achieved in Section |1] below, where a general 
statement is proved, concerning the global wellposedness of (PNS) for general Rq and F 
satisfying a smallness condition. That result is joint to Theorem |31 to prove Theorem ^ in 
Sectional Finally Theorem |2l is proved in Sectional The coming section is devoted to some 
notation and the recollection of well known results on Besov spaces and the Littlewood-Paley 
theory which will be used in the course of the proofs. 



2 Notation and useful results on Littlewood-Paley theory 

In this short section we shall present some well known facts on the Littlewood-Paley theory. 
Let us start by giving the definition of Littlewood-Paley operators on T'^. 

Definition 2.1 Let x be a nonnegative function in C°°{T'^) such that x = 1 for |^| < 1 
and X = for \^\ > 2, and define Xj{^) = 2-'°'x(2-' |x|). Tlien the Littlewood-Paley frequency 
localization operators are defined by 

Sj = Xj*-, Aj = Sj - Sj-i. 

As is well known, one of the interests of this decomposition is that the Aj operators allow 
to count derivatives easily. More precisely we recall the Bernstein inequality. A constant C 
exists such that 

V A: G N, V 1 < p < g < oo, sup \\d'^ Aju\\^,(rj,ds < c''+'^2^''2^'^(p~^) \\Aju\\^p(rj.dy (2.1) 

\a\=k ^ ' ^ ' 

Using those operators we can give a definition of Besov spaces for all indexes, and we recall the 
classical fact that the definition in the case of a negative index coincides with the definition 
given in the introduction using the heat kernel (Definition II. II above). 
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Definition 2.2 Let f be a mean free function in 'D'{T'^), and let s E R and {p, q) e [1, +cxd]^ 
he given real numbers. Then f belongs to the Besov space Bp^q{T^) if and only if 



B. 



def 



2^'^||Aj/||ip|L,,„, <+oo. 



Using the Bernstein inequality H2.1() . it is easy to see that the following continuous embedding 
holds: 

BZtl{T^)^Bltti{T''), (2.2) 



for all real numbers s,pi,p2,ri,r2 such that pi and rj belong to the interval [l,oo] and such 
that pi < p2 and vi < r2. 

We recall that Sobolev spaces are special cases of Besov spaces, since = -^22- 

Throughout this article we shall denote by the letters C or c all universal constants, we shall 
sometimes replace an inequality of the type / < Cg hj f < g. we shall also denote by (cj)jgz 
any sequence of norm 1 in £^(Z). 

3 An L°° estimate for Leray solutions in dimension two 

The purpose of this section is the proof of Theorem|3J Let us write the solution v of {NS2D) 
as the sum of vi and V2 with 

( dtvi- AhVi=Pf ( dtV2 - AhV2 = -P div{v (S!) v) 

\ fi|t=o = vo an ^^^^^^ 

Duhamel's formula gives 

vi{t) = e'^vo + f e^'-''^^Pf{t')dt', 
Jo 

thus we get that 

POO 

II^i|Il2(r+;Loo) < ||e*^fo||i2(R+.ioo) + / ||e^^/(0|L2(R+.ioo) c^i- 

J 

Due to (|2.2|) . we have ^ ^^2 ^° Definition II . II we get that 



Jo 



L2 dt. (3.2) 



Now let us estimate ||f2|lL2(j^+.j;^oo'). It relies on the following technical proposition. 

Proposition 3.1 Let v be the solution of {NS2D) with initial data vq in L^ and external 
force f in L^(R^; L"^). Then we have 



\\Ajv\\l^^^+.^,^ < Eo{e + eI) with Eo = l^oHi^ + \\f{t)\ydt'^ 



2 
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Proof of Proposition 13.11 Applying Aj to the {NS2D) system and doing an energy 
estimate gives, neglecting (only here) the smoothing effect of the heat flow, 

\\Ajv{t)\\l, < \\Ajvo\\h+ f \{AMt') -"^vii'm At')) L^\dt' + f\{A,f{t\A,v{t'))\dt'. 

Jo JQ 

Lemma 1.1 of [S] and the conservation of energy tell us that 

|(A,(t;(t) . Vt;(t))|A,t;(t))^,| < c,-(t)||Vt;(t)|U2 ||z;(t)||i22^||A,-^(t)||^2 

< c2(t)||VK0lli.|IKi)llL^ 



< E^c]mVv{t)\\l,. 



Since 



\{Ajfit),AXm < \\A,f{t)h2\\Ajv{t)h2 



we infer that 



1 l-OO 

Taking the sum over j concludes the proof of the proposition. ■ 

Conclusion of the proof of Theorem [S] Let us first observe that interpolating the result 
of Proposition 13.11 with the energy estimate, we find that a constant C exists such that, for 
any p in [2, oo], we have 

Y.^'h\^jv\\l.^n+.,L2) < CEoie + El)'-l. (3.3) 
j 

Then by Bernstein's inequality (|2.1() . we have 

Using Young's inequality on series and 1)3. 3(1 . we infer that a constant C exists such that, for 
any p in ]2, cxd], 

2<'~^)\\S,v\\l,^^^.^^^) < Cc,-^El{e + El)-^--.. (3.4) 
Now using Bernstein's inequality and Fourier-Plancherel, we get by (|3.1I) 

\\AjV2{t)\\L^ < 2^\\AjV2mL2 

< 2^^ f\-'''''^'-'">\\AjP{v{t')^v{t'))\\^,dt'. (3.5) 
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Using Bony's decomposition, let us write that for any a and 5, 

Aj{a{t)b{t)) = ^ Aj{Sjia{t)Aj>b{t)) + ^ Aj{Aj'a{t)Sj'+ib{t)). 
j'>j-No j'>j-No 



We have 



\\Sj'aAj>b\\^^^^^^^^^ < ||5j/a||^p(j^+.^oc)||Aj/6||^2(R+.i2). 



Using (|.S.4j) . we deduce that a constant C exists such that, for any p in ]2,oo], 

\\AjP{v(S)v)\\ 2p - \\Sj'v\\Lp(^^+.L^)\\Ayv\\L2(^^+.L2) 

^ j'>j-No 
Using Young's inequahty in time in (|.S.5j) gives 

^ i'>i-Afo 
By Young's inequahty on series we find that a constant C exists such that, for any p in ]2, oo[, 

P ^ 



ill 



and thus 

P ^ 

Then let us choose p such that 



2 

- = 1 



P \og{e + E-§) 

Then we have that 

ll^2||L2(K+.ioc) < Ci?olog(e + 4)> (3-6) 
and putting 1)3.2^ and H3.6() together proves Theorem |3J I 

This theorem will enable us to infer the following useful corollary. 

Corollary 3.1 Let p s]2, +oo[ and iet mq be a vector field in Ip{A, B). Thenu^^^ = uf + U2d 
satisfies 
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Proof of Corollary 13.11 As in the proof of (|3.2|) above, we have clearly by Definition 11.11 
and (H2), 

\Wf\\l2(R+-L^) < ll^iolls-i 

^ ' ' 00,2 

< A. 

Then by Theorem |2l we have 

where by definition of Eq and by (HI), 

Ittt I|2 



^0 = llnollia + ||MP(u^ • VnF)||ii(R+.i2) 



As a result we get 



,(0)||2_ < 42 i 42 

and the corollary is proved. 



H^(R+;L^) ^ ^ + ^ (1 + ^log(e + A)y 



4 Global wellposedness of the perturbed system 

In this section we shall study the global wellposedness of the system {PNS). The result is 
the following. 

Theorem 4 Let p G ]3, +oo[ be given. There is a constant Co > such that for any Rq 
in B^l^^, F in L^{B + -B'^1^^) and in L2(R+;L°°) satisfying 

Poll _.+ 3+||F|| _,+ 3 <Co-ie"''"""''"'^(i^+:^°°), (4.1) 

there is a unique, global solution R to {PNS) associated with Rq and F, such that 

Proof of Theorem |3 Using Duhamel's formula, the system {PNS) turns out be 

R = no + LoR + Bns{R,R) with 

7^o(^) 'M e*^iio+ re(*-*')^F(t')dt', 
Jo 

LoR{t) - [\('-'")'^Q{u^^\t'),R{t'))dt' and 

Jo 

BNs{R,R){t) =^ -[ e^'-''^^F div {R{t') ® R{t')) dt' . 
Jo 

The proof of the global wellposedness of (PNS) relies on the following classical fixed point 
lemma in a Banach space, the proof of which is omitted. 
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Lemma 4.1 Let X he a Banach space, let L be a continuous linear map from X to X, and 
let B he a hilinear map from X x X to X. Let us define 

ll^ll£(x) =^ ^supJlL^II and \\B\\q(^x)'= sup^^ J\B{x,y)\\. 

If \\L\\jr(^x) < 1> then for any xq in X such that 

ll^oll^ < (^-\\L\\cix))\ 

the equation 

X = xo + Lx + B{x, x) 

1 — ||i^||£(X) 

has a unique solution in the ball of center and radius — r—— 

^^\\B{x) 

Solving system (PNS) consists therefore in finding a space X in which we shah be able to 
apply Lemma l4.ll Let us define, for any positive real number A and for any p in ]3, oo], the 
following space. 

Definition 4.1 The space X\ is the space of distributions a on R"*" x such that 

l2 def y^^-2j(l-|) ^ _ 1,2 ,o27||a„.I|2 
j 

aA(t) =^exp(-A j ||uW(t')||ioodt')a(t). 



Remark If a belongs to Xa, then oa belongs to L°°(R+; 5^ 2^*') nL2(R+; B^.^) and, as 
is in L^(R+;L°°), we have 



||a|| _i+3 + ||a|| 3 < ||a||x;, exp ( A||u^°^||%,„+..^x , . 

The fact that X\ equipped with this norm is a Banach space is a routine exercise left to the 
reader. The introduction of this space is justified by the following proposition which we shall 
prove at the end of this section. 

Proposition 4.1 For any p in ]3, (X)[, a constant C exists such that, for any positive A, 

C Alli/C)!^ 

\\Lo\\cix,)<— and \\BMs\\B(x,)<Ce^^ "^^(r+^loo) . 
A2 

Conclusion of the proof of Theorem ^ In order to apply Lemma 14. H let us choose A 
such that ||^o||£(X;^) ^ 1/2- Then, the condition required to apply Lemma l4.1l is 

In order to ensure this condition, let us recall Lemma 2.1 of 1^. 
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Lemma 4.2 A constant c exists such that, for any integer j, any positive real number t and 
any p in [1, oo], 

||A,-e*^o||LP < -e-'^'''\\A,a\\LP. 
c 

This lemma and the Cauchy-Schwarz inequahty for the measure ||-F(t')|| _^.3dt' give 

||A,•7^o,A(^)||LP < Ce-'^"''\\AjRo\\LP + C [\~'^""^'-''^\\AjF{t')\\LPdt' 

Jo 

< C2'M)(e-^''''c,\\Ro\\ _,^. + [\-^'''^'-''^c,{t')\\F{t')\\ _,^,dt' 

2 ' 



Then we infer immediately that 
l|A,7^o,A|lLoc(R+.iP) < 2'('-l)cj\\Ro\\ 



2^1-1) f rc]mFm _^^3 and 



\^j'^0,x\\L2(K+;LP) ^ 2 ^PCjWRoW 



+ 2~^W / c]{t)\\F{t)\\ „,^3dt 

This gives 

II'^OIIX;^ < ll-Roll -1+3 + 11-^11 -1+3 . 

It follows that the smallness condition 1)4.1^ implies precisely condition ()4.2() . So we can apply 
Lemma l4 . 1 1 which gives a global, unique solution R to (PNS) such that 

R e L-(R+; B;'/h n l2(R+; i?!^)- 

We leave the classical proof of the continuity in time to the reader. Theorem 0] is proved, 
provided we prove Proposition 14.11 ■ 

Proof of Proposition l^m It relies mainly on Lemma [4.2l and in a Bony type decomposition. 
In order to prove the estimate on B^s, let us observe that Lemma 14.21 implies that 

\\A,{BNs{R,R'))xmL. < e^nM"H*)lli^'i* re-'=2^^(*-*')||A,Pdiv(i?,(0 ® 

^0 
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Proposition 3.1 of implies that 

||A,-Pdiv(i?,®i?l)||^,(i,+ ^^,) < Cc,2^'(-^+l)||i?||^J|i?'||^^. 
Young's inequality in time ensures the estimate on Bi\fs- 

The study of Lq follows the ideas of Let us decompose {LQa)x LqQx as a sum of two 
operators Li \ and L2.A defined by 

{K^xRm =^ re(*"*')^-^i''''l"'°'(*")lli-'^*"Pdivr„(nW(t'),i?A(t'))dt' with 
Jo 

Ti{a,b) ^= ^{Aja(Si Sj^ib + Sj-ib(S> Aja) and 
j 

T2{a,b) =^ ^ (5j+2a ® + Aj6 5j+2a) • 

j 

As 

AjTi{a, b) = Aj {Ajia Sj'-ib + Sj'-ib Aj/o) , 

li'-il<5 



we have 

Noticing that 
we obtain 



\\A,Ti{a,b)\\LP <C \\^j'a\\L^\\Sj,.,b\\LP. 
Ii'-il<5 

\\Sj^iRx\\L^in+-M) < Cj2'('-^)\\R\\x„ 



3 ' 



||A,Ti(nW(t),ii,(t))|U. < Ccj2'^'-^)\\R\\xM^Ht)U^ 

Using Bernstein's inequality and Lemma 14.21 we have therefore 

ft 



|A,(Li,,i?)(t)||^. < C2^ e-'=2^^(*-*')-^/^ll"'°'(*")lli-'^*"||Ti(^W(t'),i?A(t'))llL.dt' 

Jo 







Thus we get, by Young's inequality, 



||A,(Li,Ai?)IL.o(R+.^.) + 2^||A,(Li,Aii)IL2(R+.^p) < —c,2'y ''n\R\\x,. (4.3) 

A2 

Let us now estimate L2^\R. As 

Aj72(a, b) = Aj {Ajia ® Sj'^ib + Sj/^ib Aj'oj , 

j'-j>No 

we have 

||A,-T2(a,5)||LP < C \\Sj,+2a\\Loo\\Ayb\\Lp 
j'-j>No 

< C\\a\\L^ W^J'Hlp. 
j'-j>No 
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As for the estimate of Li x we get that 

ft 



j'>j-No ■'^ 

X ||txW(t')||L-||A,vi?;,(t')||LP(it'. 

The Cauchy-Schwarz inequahty imphes that 



^ 1 



Then we infer that 

; 3 



[ II A,-(L2,Ai?) II Loo(K+;LP) + 2^ II A,-(L2,Aii) II i2(R+: 



LP) 



i'>i-A^o 

Young's inequahty on series and 1)4.3^ allow to conclude the proof of Proposition 14.11 ■ 

5 End of the proof of Theorem [T] 

Now we are ready to prove Theorem^ The idea, as presented in the introduction, is to write 

u = m(°) + R, 

where R satisfies {PNS) with iio = and F = — (Id— M)P(ui? • Vup) — Q{uf-,U2d), and 
where u^^^ = uf + U2d- According to the assumptions of Theorem^ we know that uq belongs 
to Ip{A,B), so in particular by (H3) we have 

lli^ll _l+3 < B. 

Li(R+;B^/^) 

Moreover by Corollarv 13. II we have 

Due to Theorem |1J the global wellposedness of (PNS) is guaranteed if 



\F\\ _,+ 3 <C(7^e "i2(K+;iOO)_ 



Clearly the smallness assumption (|1.1() implies directly that inequality, so under the assump- 
tions of Theorem ^ we have 
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To end the proof of Theorem ^ we still need to prove that u is in 

It is well known (see for instance jSJ) that the blow up condition for iJa (T^) data is the blow 
up of the norm in time with values in iifz . As Uq is in H'^ ^ so are Uq and Uq. Then thanks 
to the propagation of regularity in {NS2D) (see for instance 0) and the properties of the 
heat flow, up and U2d belong to 

L~(R+;F5)nL2(R+;ifi) and thus to L°°(R+; ^^^2^^) n l2(R+; 

by the embedding recalled in (|2.2j) . Thus as R belongs also to this space, it is enough to 
prove the following blow up result, which we prove for the reader's convenience. 

Proposition 5.1 If the maximal time T* of existence in L^^(R"'"; H^) n Lf^^{'R,'^; H^) of a 
solution u of {NS) is finite, then for any p, 

/ ||u(t)f _i , sdt = +00. 

Proof of Proposition 15.11 An energy estimate in H2 gives, for some positive c, 

Mm^i +cf^ \\n{t')f^-sdt' < \\uo\\\ +2^* {div{u{t') u{t'))\u{t'))^. dt' . 

We can assume that p > 6. Laws of product in Besov spaces imply that 

\\u{t')^u{t')\\ ^<C\\u{t')\\ _i + 3||n(t')||Hi- 

^p,oo 

Thus by interpolation we infer that 

{dw{uit') u{t'))\u{t')) ^ < cMt')\\ _.^,iin(oir^h(oir%. 

^p,oo 

4 . 

Using the convexity inequality a6 < 3/4a3 + 1/46^ gives 

I Jq ^^^^ V HT. 

A Gronwall lemma concludes the proof of Proposition 15.11 and therefore of Theorem ^ ■ 

6 Proof of Theorem [2] 

In this final section we shall prove Theorem|21 In order to do so, two points must be checked: 
first, that the initial data defined in the statement of the theorem satisfies the assumptions 
of Theorem ^ namely the nonlinear smallness assumption (jl.lj) , in which case the global 
wellposedness will follow as a consequence of that theorem. Second, that the initial data 
satisfies the lower bound (|1.2j) . Those two points are dealt with in Sections 16.11 and 16.21 
respectively. 
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6.1 The nonlinear smallness assumption 

Let us check that the initial data defined in the statement of Theorem |21 belongs to the 
space Ip{A,B) with the smallness condition (jLlj) . Recall that A and B are chosen so that 



(HI) 
(H2) 



I^o|Il2(t2) + \\MP{UF ■ V^/f)|Ili(r+;L2(t2)) < A 

\\uo\\b-\ ^ ^ 



(H3) Wild -M)P {UF-V up) + Q{U2D, up) 



< B. 



Let us start with Assumption (HI). We first notice directly that uq = 0, so we just have to 

check that MP{up ■ Vup) belongs to L-'^(R^; L^(T^)), and to compute its bound. 
We have 

Up ■ Vup = div{uF Up) hence M{up ■ Vup) = Mdivfi{upUp) for j€ {1,2,3}. 
On the one hand, we have 



div;,(4n^)(x) = N diYh ( - div;,(e*^'^Oe*^'^i;5 ) (xh) { e*^3 sin(iVx3) ) ( e*«5 cos(A^X3) 



N 



— e 
2 



diYh [-dwh{e''^^v^)e'^'^v^) {xh)sm{2Nx3), 

which implies that M{up • Vup) = 0. Notice that in particular, since uq = 0, we infer that 

Vt > 0, uloit) = 0. (6.1) 

On the other hand, we have 

div;,(M^ n^)(x) = divh (e^^'^v^ e*^"!;^) (xh) (e*^' cos(A^X3))^ 



Ar2 



-2tN'^ 



2 - divft {^e'^^v^ e'^'^v^^ {xh){l + cos(27Vx3)). 

Using the frequency localization of Vq and Bernstein's inequality 1)2. II) . we get 

Ar2 



M{up ■ Vu%] 



L2(t2) 



< 



— e iVolie ^^oIIl4(t2) 



< ^a^2a^2 -2tAf2|| h||2 



Finally we infer that 



M{up ■ Vu^) 



Li(R-+;-f^^(T2)) 



< CNoilogN)!. 



(6.2) 



Let us now consider Assumption (H2). Since uq = 0, it simply consists in computing the B^2 
norm of uq. We have 

4{x) = Nv^{xh)cos{Nxs), 
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and by definition of Besov norms, 



\4\\b-\ 



|6 %IIl2(R+;L°°)- 



It is easy to see that 

lle^^ngllLoo = Ar||e^^''T;^f(xOe"^3cos(iVar3)||Loc 

< CNQNe-^^^\\v'^\\L2. 

It follows that 

\\4\\b-\ < C^oiV|bollL2||e-"^'llL2(R+) 

The computation is similar for Uq, so we get, for N large enough, 

||mo|Ib-i < CjVo(logA^)i 

00,2 

Thus one can choose for the parameter A in (HI) and (H2) 

A = CNo{yogN)l 



(6.3) 



(6.4) 



Finally let us consider Assumption (H3). We shall start with {ld—M)P{uF ■ Vup)- We have 

(Id-M)(nF • Vuf) = (Id-M)(n^ • V^'up) + {ld-M){u^pd3UF), 
and we shall concentrate on the first term, as both are treated in the same way. We compute 

(Id-M)(u^- V'^«^)(x) = ^(^e^^^v^ ■V^e^^hv^yxh)e~'^^^\os{2Nx3) and 

N 



(Id-M)(4 • V''^) = -y(e*^''i;^ VV^''div^t;^)(a;^)e-2*^%in(2Ara;3). 



So 



||(Id-M)(ii^-V'^«^- 



^2-2i||e^^(Id-M)(u^ • V''u^)||lp 
2tAr2 



hi\2 



< CA^oiW2*^V^^||^;o^||i.. 



It follows that 



and similarly 



||(Id-M)(u^- V'^u^.' 



<CNoN-^~'H\\h 



1+1 



Li(R+;S„„ n 



||(Id-M)(^^. W)ll , -i+t <CA,oiV^-'||i;o"||i.. 



(6.5) 



(6.6) 
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Finally let us estimate the term Q{u2D,up). Since by (|6.1|) . is identically equal to zero, 
we have 

Q{u2d,uf) = P div/i(u2i:) (^up + uf ® U2d) 



so 



\\Q{n2D,u%)\\ 



3 < 7V||e-*^^ div,,(e*'^'^t;^ ^^2D)(3;h) cos(iVx3 



we shall only compute that term, as Q{u2d, Up) is estimated similarly (and contributes in fact 



def 



one power less in N). Sobolev embeddings imply that H^{'T ) ^ L^(T ) for s = 1 — -• So 



< CNo\\v^\\l2\\4o\\hs+i + CN^Wv^W L2\\u2d\\h''- 
Propagation of regularity for the two dimensional Navier-Stokes equations is expressed by 

Using (|6.3j) and that the Fourier transform of M{up ■ \/up) is supported in [—2Nq,2Nq]'^, 
we get 

lk2D||ioo(R+.^2) < CN^\\M{up-Vup)h^^^+.L^^e''''oH\\l2 



7h„ ,h 



Therefore we obtain 

\\Q{u2D,Up){t)\\ _i+3 < CnoNc 



>,2 



T-2 2pe' 



h ||4 
l2 



h ||4 
i2. 



Finally 



\\Q{u2D,Up) 



Together with (|6.5|) and ()6.6p . this gives 
II (Id -M)P{up ■ Vup) + Q{u2D,Up) 



3 <C^oA^'"'lkolli2e''"«"^°"'-^. 



<C^„iv|-^||<||i.(l + iV-i<|U2e^-oKlli2 



Using that ||woIIl2(t2) < (logiV)^, we infer that, for large enough. 



||(Id-M)P(uF • Vup) + Qiu2D,up)\\ 



3 < C7VoA^^"\logA^)i. 



Choosing p > 6 gives, still for N large enough. 

Wild -M)P {up ■ V up) + Q{U2D, up) 



I _i+3 <iV^4. 
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We can therefore choose for the parameter B in (H3) the value B = N 4 . Let us check 
that with such choices of A and B, the smaUness assumption holds. With the choice 
of A = Ci\fQ{logN)s made in H6.4|) . we have, for A'" large enough, 



exp {CoA\l + AlogAf) < exp (C7,v„(log« A^)(loglogiV) 

< exp (^^ log 



. 1 



< iVs. 

Since B = N~i, the smallness assumption p.lj) is guaranteed for large enough N, and 
Theorem n yields the global wellposedness of the system with that initial data. 

6.2 The lower bound 

Let us now check that the initial data Uq satisfies the lower bound H1.2[) . We recall that 
the -B^^oo norm is defined by 

II"oIIb-% =supt^||e*^nSlL^(T3). 
An easy computation, using the explicit formulation of Uq, enables us to write that 

= Ne''^'^v^{xh)e-'^\os{Nx3). 



It follows that 



lie "t;ollL2{T2) 

^ ,-2iAf2||,.h| 

27r" 



> — e ||t^ollL2{T2)> 



for A^ > A'o, using the fact that the frequencies of vk are smaller than Nq. Finally we have 





HWb^]^ > ^lbo'llL2(T2)Sup(t5e-2*^' 
and Theorem [21 follows. I 
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